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GEOMETRY OF DIFFERENTIAL OPERATORS, AND
ODD LAPLACE OPERATORS
H. M. KHUDAVERDIAN AND TH. TH. VORONOV
Let ∆ be an arbitrary linear differential operator of the second or-
der acting on functions on a (super)manifold M . In local coordinates
∆ = 1
2
Sab ∂b∂a+ T
a ∂a+R. The principal symbol of ∆ is the symmet-
ric tensor field Sab, or the quadratic function S = 1
2
Sabpbpa on T
∗M .
The principal symbol can be understood as a symmetric “bracket”
on functions: {f, g} := ∆(fg) − (∆f) g − (−1)εf˜f (∆g) + ∆(1) fg,
where ε = ∆˜ is the parity of the operator ∆; in coordinates {f, g} =
Sab∂bf ∂ag(−1)
a˜f˜ . In the following by a bracket in a commutative al-
gebra we mean an arbitrary symmetric bi-derivation. The problem is
to describe all operators ∆ with a given Sab, or, which is the same, all
operators generating a given bracket {f, g}. Without loss of generality
we set R = ∆(1) := 1 in the sequel. Initially we suppose that the
operators act on scalar functions; operator pencils acting on densities
of arbitrary weights will naturally appear in the course of study. Ev-
erything is applicable to supermanifolds as well as to usual manifolds.
For odd operators in the super case questions about identities of the
Jacobi type arise. The problem is closely related with the geometry of
the Batalin–Vilkovisky formalism in quantum field theory (description
of the “generating operators” for an odd bracket).
The first non-trivial observation is that Ho¨rmander’s subprincipal
symbol sub∆ = (∂bS
ba(−1)b˜(ε+1)−2T a)pa can be interpreted as an “up-
per connection” in the bundle VolM . Precisely, γa = ∂bS
ba(−1)b˜(ε+1)−
2T a has the transformation law γa
′
=
(
γa + Sab ∂b ln J
)
∂xa
′
∂xa
, where
J = Dx
′
Dx
(the Jacobian), and it specifies a “contravariant derivative”
∇aρ = (Sab∂b + γ
a)ρ on volume forms. The coordinate-dependent
Hamiltonian γ = sub∆ = γapa plays the role of a local connection
form. If the matrix Sab is invertible, then we can lower the index a and
get a usual connection. (Let us stress that ∆ acts on functions, and a
priori there is no extra structure on our manifold. The bundle VolM
and an upper connection in it arise from the operator itself.) Thus, ∆
is defined by a set of data: a bracket on functions and an associated
upper connection in VolM .
Define the algebra of densities V(M) as the algebra of formal linear
combinations of densities of arbitrary weights w ∈ R. In V(M) there is
a unit 1 and a natural invariant scalar multiplication. The scalar prod-
uct is given by the formula: 〈ψ,χ〉 =
∫
M
Res(t−2ψ(x, t)χ(x, t))Dx.
1
2 H. M. KHUDAVERDIAN AND TH. TH. VORONOV
We specify elements of V(M) by generating functions ψ(x, t) defined
on a manifold Mˆ . One can classify the derivations of V(M) [2]. A
bracket of weight 0 in V(M) is specified by a tensor (Sˆ aˆbˆ) =
(
Sab tγa
tγa t2θ
)
on Mˆ , where Sab gives a bracket on M , γa gives an upper connection
in VolM associated with Sab, and the term θ is a second order geo-
metric object (depending on Sab and γa), similar to the Brans–Dicke
field in Kaluza–Klein type theories. A set of data Sab, γa, θ is equiv-
alent (non-canonically) to a set consisting of Sab, a vector field and a
scalar. Operators in the algebra V(M) are written as operator pencils
∆w acting on w-densities. A pencil ∆w is self-adjoint if (∆w)
∗ = ∆1−w.
A second order differential operator in V(M) is represented by a qua-
dratic pencil ∆w = ∆0+wA+w
2B, where ∆0 is a second order operator
on functions, A and B having orders 6 1 and 0.
Theorem 1. For the algebra V(M) there is a one-to-one correspon-
dence between brackets and second order operators with the self-adjoint-
ness condition. To a bracket with the matrix Sˆ aˆbˆ corresponds a “canon-
ical pencil”
∆w =
1
2
(
Sab∂b∂a +
(
∂bS
ba(−1)b˜(ε+1) + (2w − 1)γa
)
∂a+
w ∂aγ
a(−1)a˜(ε+1) + w(w − 1) θ
)
.
The corresponding operator in the algebra V(M) is the Laplacian
constructed from Sˆ aˆbˆ and the canonical divergence on Mˆ [2]. There is
a unique canonical pencil passing through an operator on w0-densities
with a given “non-singular” weight w0 6= 0,
1
2
, 1. A pencil can be re-
covered from an operator on functions up to w(w − 1)f , where f is a
scalar.
Consider odd operators. To them correspond odd brackets. Notice
that an odd symmetric bracket is transformed into an even antisym-
metric bracket by the parity shift. If ∆ is odd and ord∆ 6 2, then
ord∆2 6 3. The condition ord∆2 6 2 is equivalent to the Jacobi
identity for the bracket generated by ∆. In this case D = (S, ) is a
differential in C∞(T ∗M), and for an upper connection γ = γapa the
notion of curvature makes sense: F = Dγ.
Theorem 2. An operator ∆ is a derivation of the generated bracket
(equivalently, ord∆2 6 1) if and only if Dγ = 0.
The flatness of γ is “subsumed” by the Jacobi identity for a bracket
in V(M):
Theorem 3. The Jacobi identity for an odd bracket in V(M) is equiv-
alent to the equations (S, S) = 0, (S, γ) = 0, (S, θ) + (γ, γ) = 0,
(γ, θ) = 0. (In such case also ∆2w = LX for some X ∈ Vect(M), which
is automatically Poisson.)
Corollary. If the odd bracket on M specified by Sab is non-degenerate,
then the Jacobi identity for the bracket in V(M) implies γa = Sabγb,
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θ = γaγa, where γa = −∂a ln ρ, and ρ = e
A is a local volume form.
Hence, ∆ is defined by a bracket on M and an “effective action” A.
The condition ∆2 = 0 in the odd symplectic case gives the Batalin–
Vilkovisky equation for an action A. In the general odd Poisson case
the “Batalin–Vilkovisky equations” are written for a pair of flat con-
nections and possess a groupoid property. They describe a change of
the operator ∆2 on functions or ∆ on half-densities [1, 2].
The theory can be generalized for operators and brackets of nonzero
weight. It is interesting to consider a generalization for operators of
higher order (where homotopy algebras should appear).
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ÅÎÌÅÒÈß ÄÈÔÔÅÅÍÖÈÀËÜÍÛÕ
ÎÏÅÀÒÎÎÂ È ÍÅ×ÅÒÍÛÅ ÎÏÅÀÒÎÛ
ËÀÏËÀÑÀ
Ô. Ô. Âîðîíîâ, Î. Ì. Õóäàâåðäÿí
Ïóñòü ∆  ïðîèçâîëüíûé ëèíåéíûé äèåðåíöèàëüíûé îïåðà-
òîð âòîðîãî ïîðÿäêà, äåéñòâóþùèé íà óíêöèè íà (ñóïåð)ìíîãî-
îáðàçèè M . Â ëîêàëüíûõ êîîðäèíàòàõ ∆ = 1
2
Sab ∂b∂a + T
a ∂a + R.
ëàâíûé ñèìâîë ∆ åñòü ñèììåòðè÷åñêîå òåíçîðíîå ïîëå Sab, èëè
êâàäðàòè÷íàÿ óíêöèÿ S = 1
2
Sabpbpa íà T
∗M . ëàâíûé ñèìâîë ìî-
æåò ïîíèìàòüñÿ êàê ñèììåòðè÷íàÿ ñêîáêà íà óíêöèÿõ: {f, g} :=
∆(fg)−(∆f) g−(−1)εf˜f (∆g)+∆(1) fg, ãäå ε = ∆˜ åñòü ÷åòíîñòü îïå-
ðàòîðà ∆; â êîîðäèíàòàõ {f, g} = Sab∂bf ∂ag(−1)
a˜f˜
. Äàëåå ñêîáêîé â
êîììóòàòèâíîé àëãåáðå áóäåì íàçûâàòü ïðîèçâîëüíîå ñèììåòðè÷-
íîå áèäèåðåíöèðîâàíèå. Çàäà÷à ñîñòîèò â îïèñàíèè â ãåîìåò-
ðè÷åñêèõ òåðìèíàõ âñåõ îïåðàòîðîâ ∆ ñ äàííûì Sab, èëè, ÷òî òî
æå ñàìîå, ïîðîæäàþùèõ äàííóþ ñêîáêó {f, g}. Íå óìåíüøàÿ îáù-
íîñòè ïîëîæèì âïðåäü R = ∆(1) := 0. Ïåðâîíà÷àëüíî îïåðàòîðû
ïðåäïîëàãàþòñÿ äåéñòâóþùèìè íà ñêàëÿðíûå óíêöèè. Ïî õîäó
äåëà ó íàñ åñòåñòâåííî ïîÿâÿòñÿ ïó÷êè îïåðàòîðîâ, äåéñòâóþùèõ
íà ïëîòíîñòÿõ ïðîèçâîëüíîãî âåñà. Âñå ðàññìîòðåíèÿ ïðèìåíèìû
êàê ê îáû÷íûì ìíîãîîáðàçèÿì, òàê è ê ñóïåðìíîãîîáðàçèÿì. Â ñó-
ïåðñëó÷àå äëÿ íå÷åòíûõ îïåðàòîðîâ âîçíèêàþò âîïðîñû î òîæäå-
ñòâàõ òèïà ßêîáè. Çàäà÷à òåñíî ñâÿçàíà ñ ãåîìåòðèåé îðìàëèçìà
ÁàòàëèíàÂèëêîâûñêîãî â êâàíòîâîé òåîðèè ïîëÿ (îïèñàíèå îïå-
ðàòîðîâ, ïîðîæäàþùèõ íå÷åòíóþ ñêîáêó).
Ïåðâîå íåòðèâèàëüíîå íàáëþäåíèå ñîñòîèò â òîì, ÷òî õ¼ðìàíäå-
ðîâñêèé ñóáãëàâíûé ñèìâîë sub ∆ = (∂bS
ba(−1)b˜(ε+1)−2T a)pa ìîæåò
áûòü èíòåðïðåòèðîâàí êàê âåðõíÿÿ ñâÿçíîñòü â ðàññëîåíèè Vol M .
Òî÷íåå, γa = ∂bS
ba(−1)b˜(ε+1) − 2T a èìååò çàêîí ïðåîáðàçîâàíèÿ
γa
′
=
(
γa + Sab ∂b ln J
)
∂xa
′
∂xa
, ãäå J = Dx
′
Dx
(ÿêîáèàí), è çàäàåò êîíòðà-
âàðèàíòíóþ ïðîèçâîäíóþ ∇aρ = (Sab∂b + γ
a)ρ íà îðìàõ îáúåìà.
Çàâèñÿùèé îò ñèñòåìû êîîðäèíàò ãàìèëüòîíèàí γ = sub ∆ = γapa
èãðàåò ðîëü ëîêàëüíîé îðìû ñâÿçíîñòè. Åñëè ìàòðèöà Sab îáðà-
òèìà, òî ìîæíî îïóñòèòü èíäåêñ a è ïîëó÷èòü îáûêíîâåííóþ ñâÿç-
íîñòü. (Ïîä÷åðêíåì, ÷òî ∆ äåéñòâóåò íà óíêöèÿõ, à íà ìíîãîîá-
ðàçèè àïðèîðè íåò íèêàêîé äîïîëíèòåëüíîé ñòðóêòóðû. àññëîåíèå
Vol M è âåðõíÿÿ ñâÿçíîñòü â íåì ïîÿâëÿþòñÿ èç ñàìîãî îïåðàòîðà.)
Òàêèì îáðàçîì, ∆ îïðåäåëÿåòñÿ íàáîðîì äàííûõ: ñêîáêà íà óíê-
öèÿõ è àññîöèèðîâàííàÿ âåðõíÿÿ ñâÿçíîñòü â Vol M .
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Îïðåäåëèì àëãåáðó ïëîòíîñòåé V(M) êàê àëãåáðó îðìàëü-
íûõ ëèíåéíûõ êîìáèíàöèé ïëîòíîñòåé ïðîèçâîëüíûõ âåñîâ w ∈ R.
Â V(M) åñòü åäèíèöà 1 è åñòåñòâåííîå èíâàðèàíòíîå ñêàëÿðíîå
óìíîæåíèå. Ñêàëÿðíîå ïðîèçâåäåíèå çàäàåòñÿ îðìóëîé: 〈ψ,χ〉 =∫
M
Res(t−2ψ(x, t)χ(x, t)) Dx. Ìû çàäàåì ýëåìåíòû V(M) ïðîèçâî-
äÿùèìè óíêöèÿìè ψ(x, t), îïðåäåëåííûìè íà ìíîãîîáðàçèè Mˆ .
Ìîæíî êëàññèèöèðîâàòü äèåðåíöèðîâàíèÿ àëãåáðû V(M) [2℄.
Ñêîáêà âåñà 0 â V(M) çàäàåòñÿ òåíçîðîì (Sˆ aˆbˆ) =
(
Sab tγa
tγa t2θ
)
íà Mˆ ,
ãäå Sab çàäàåò ñêîáêó íà M , γa çàäàåò àññîöèèðîâàííóþ ñ Sab âåðõ-
íþþ ñâÿçíîñòü â Vol M , à ÷ëåí θ åñòü ãåîìåòðè÷åñêèé îáúåêò âòî-
ðîãî ïîðÿäêà (çàâèñÿùèé îò Sab è γa), àíàëîãè÷íûé ïîëþ Áðàíñà
Äèêêå â òåîðèÿõ òèïà ÊàëóöûÊëåéíà. Íàáîð äàííûõ Sab, γa, θ
ýêâèâàëåíòåí (íåêàíîíè÷åñêè) íàáîðó, ñîñòîÿùåìó èç Sab, âåêòîð-
íîãî ïîëÿ è ñêàëÿðà. Îïåðàòîðû â àëãåáðå V(M) çàïèñûâàþòñÿ
êàê ïó÷êè îïåðàòîðîâ ∆w, äåéñòâóþùèõ íà w-ïëîòíîñòè. Ïó÷îê
ñàìîñîïðÿæåí, åñëè (∆w)
∗ = ∆1−w. Äèåðåíöèàëüíûé îïåðàòîð
âòîðîãî ïîðÿäêà â V(M) ïðåäñòàâëÿåòñÿ êâàäðàòè÷íûì ïó÷êîì
∆w = ∆0 + wA + w
2B, ãäå ∆0 åñòü îïåðàòîð âòîðîãî ïîðÿäêà íà
óíêöèÿõ, à A è B èìåþò ïîðÿäêè 6 1 è 0.
Òåîðåìà 1. Äëÿ àëãåáðû V(M) ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå
ñîîòâåòñòâèå ìåæäó ñêîáêàìè è îïåðàòîðàìè âòîðîãî ïîðÿäêà ñ
óñëîâèåì ñàìîñîïðÿæåííîñòè. Ñêîáêå ñ ìàòðèöåé Sˆ aˆbˆ îòâå÷àåò
ïîðîæäàþùèé åå êàíîíè÷åñêèé ïó÷îê
∆w =
1
2
(
Sab∂b∂a +
(
∂bS
ba(−1)b˜(ε+1) + (2w − 1)γa
)
∂a+
w ∂aγ
a(−1)a˜(ε+1) + w(w − 1) θ
)
.
Ñîîòâåòñòâóþùèé îïåðàòîð â àëãåáðå V(M) åñòü ëàïëàñèàí, ïî-
ñòðîåííûé ïî Sˆ aˆbˆ è êàíîíè÷åñêîé äèâåðãåíöèè íà Mˆ [2℄. ×åðåç
îïåðàòîð íà w0-ïëîòíîñòÿõ ñ äàííûì íåîñîáûì w0 6= 0,
1
2
, 1 ïðîõî-
äèò åäèíñòâåííûé êàíîíè÷åñêèé ïó÷îê. Ïî îïåðàòîðó íà óíêöèÿõ
ïó÷îê âîññòàíàâëèâàåòñÿ ñ òî÷íîñòüþ äî w(w − 1)f , ãäå f ñêàëÿð.
àññìîòðèì íå÷åòíûå îïåðàòîðû. Èì îòâå÷àþò íå÷åòíûå ñêîá-
êè. Çàìåòèì, ÷òî íå÷åòíàÿ ñèììåòðè÷íàÿ ñêîáêà ñäâèãîì ÷åòíî-
ñòè ïðåâðàùàåòñÿ â ÷åòíóþ àíòèñèììåòðè÷íóþ. Åñëè ∆ íå÷åòåí, è
ord ∆ 6 2, òî ord ∆2 6 3. Óñëîâèå ord ∆2 6 2 ðàâíîñèëüíî òîæäå-
ñòâó ßêîáè äëÿ ñêîáêè, ïîðîæäåííîé ∆. Â ýòîì ñëó÷àå D = (S,_)
åñòü äèåðåíöèàë â C∞(T ∗M), à äëÿ âåðõíåé ñâÿçíîñòè γ = γapa
èìååò ñìûñë ïîíÿòèå êðèâèçíû: F = Dγ.
Òåîðåìà 2. ∆ åñòü äèåðåíöèðîâàíèå ïîðîæäåííîé èì ñêîáêè
(ðàâíîñèëüíî ord ∆2 6 1) òîãäà è òîëüêî òîãäà, êîãäà Dγ = 0.
Ïëîñêîñòü γ ïîãëîùàåòñÿ òîæäåñòâîì ßêîáè äëÿ ñêîáêè âV(M):
Òåîðåìà 3. Òîæäåñòâî ßêîáè äëÿ íå÷åòíîé ñêîáêè â V(M) ðàâ-
íîñèëüíî óðàâíåíèÿì (S, S) = 0, (S, γ) = 0, (S, θ) + (γ, γ) = 0,
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(γ, θ) = 0. (Ïðè ýòîì ∆2w = LX äëÿ íåêîòîðîãî X ∈ Vect(M),
àâòîìàòè÷åñêè ïóàññîíîâà.)
Ñëåäñòâèå. Åñëè íå÷åòíàÿ ñêîáêà íà M , çàäàííàÿ Sab, íåâûðîæ-
äåíà, òî òîæäåñòâî ßêîáè äëÿ ñêîáêè â V(M) âëå÷åò γa = Sabγb,
θ = γaγa, ãäå γa = −∂a ln ρ, è ρ = e
A
åñòü ëîêàëüíàÿ îðìà îáúåìà.
Òàêèì îáðàçîì, ∆ îïðåäåëÿåòñÿ ñêîáêîé íà M è ýåêòèâíûì
äåéñòâèåì A.
Óñëîâèå ∆2 = 0 â íå÷åòíîì ñèìïëåêòè÷åñêîì ñëó÷àå äàåò óðàâ-
íåíèå ÁàòàëèíàÂèëêîâûñêîãî íà äåéñòâèå A. Â îáùåì íå÷åòíîì
ïóàññîíîâîì ñëó÷àå óðàâíåíèÿ ÁàòàëèíàÂèëêîâûñêîãî ïèøóòñÿ
ïî ïàðå ïëîñêèõ ñâÿçíîñòåé è îáëàäàþò ãðóïïîèäíûì ñâîéñòâîì.
Îíè îïèñûâàþò èçìåíåíèå îïåðàòîðà ∆2 íà óíêöèÿõ èëè ∆ íà
ïîëóïëîòíîñòÿõ [1, 2℄.
Òåîðèÿ îáîáùàåòñÿ äëÿ îïåðàòîðîâ è ñêîáîê íåíóëåâîãî âåñà. Èí-
òåðåñíî ðàññìîòðåòü îáîáùåíèå íà ñëó÷àé îïåðàòîðîâ âûñøåãî ïî-
ðÿäêà (ãäå äîëæíû ïîÿâëÿòüñÿ ãîìîòîïè÷åñêèå àëãåáðû).
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